Trace scaling automorphisms of the stabilized Razak-Jacelon algebra by Nawata, Norio
ar
X
iv
:1
70
4.
02
41
4v
3 
 [m
ath
.O
A]
  2
7 A
ug
 20
18
TRACE SCALING AUTOMORPHISMS OF THE STABILIZED
RAZAK-JACELON ALGEBRA
NORIO NAWATA
Abstract. We classify trace scaling automorphisms of W ⊗ K up to outer
conjugacy, whereW is a certain simple separable nuclear stably projectionless
C∗-algebra having trivial K-groups. Also, we show that all automorphisms
of W with the Rohlin property are outer conjugate to each other. Moreover,
we show that the central sequence C∗-algebra F (W) of W is infinite, which
answers a question of Kirchberg.
1. Introduction
Let W be the Razak-Jacelon algebra studied in [21], which is a certain simple
separable nuclear stably projectionless C∗-algebra having trivial K-groups and a
unique tracial state and no unbounded traces. We may regardW as a stably finite
analogue of the Cuntz algebra O2. Note that a C
∗-algebra A is said to be stably
projectionless if A ⊗ K has no non-zero projections, where K is the C∗-algebra of
compact operators on an infinite-dimensional separable Hilbert space. In particular,
every stably projectionless C∗-algebra is non-unital. We refer the reader to [12],
[15] and [16] for remarkable progress in the classification of such C∗-algebras.
In this paper, we study trace scaling automorphisms of W ⊗ K and show that
these automorphisms are outer conjugate if and only if the scaling factors coincide.
This classification can be regarded as an analogous result of Connes’ classification
[5] of trace scaling automorphisms of the AFD factor of type II∞. In the case
of C∗-algebras, Elliott, Evans and Kishimoto [10] classified trace scaling automor-
phisms of stable UHF algebras. Moreover, Evans and Kishimoto [13] classified trace
scaling automorphisms of stable AF algebras with totally ordered K0-groups. (See
also [3].) More generally, the study of group actions on operator algebras is one
of the most fundamental subjects and has a long history in the theory of operator
algebras. We refer the reader to [20] and the references given there for this sub-
ject. We recall some other classification results of automorphisms of C∗-algebras.
Kishimoto [25] showed that if α and β are automorphisms of a UHF algebra such
that αm and βm are strongly outer for any m ∈ Z \ {0}, then α and β are outer
conjugate. Moreover, Kishimoto classified a large class of automorphisms of certain
AT algebras in [27] and [28]. Matui [35] generalized this result to certain simple AH
algebras. Nakamura [41] completely classified aperiodic automorphisms of Kirch-
berg algebras. Sato [51] showed that if α and β are automorphisms of the Jiang-Su
algebra Z such that αm and βm are strongly outer for any m ∈ Z\ {0}, then α and
β are outer conjugate. Note that it is important to consider the Rohlin property
or variants thereof for classifying automorphisms of operator algebras.
If A is stably projectionless, then the central sequence C∗-algebra Aω of A is
also stably projectionless. Hence Aω is not very useful for our purpose. In this
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paper, Kirchberg’s central sequence C∗-algebra [22] plays a central role. Kirchberg’s
central sequence C∗-algebra F (A) is defined as the quotient C∗-algebra of Aω by
the annihilator of A.
This paper is organized as follows: In Section 2, we collect notations and some
results. In Section 3, we review some results in [12] and reformulate for our purpose.
Note that our arguments are essentially based on Elliott and Niu’s arguments. In
Section 4, we study properties of F (W). We show that F (W) has many projections
(Proposition 4.2). This is an easy corollary of Razak’s classification theorem [46]
and Matui and Sato’s result in [39]. But this property enables us to deal with F (W)
like a C∗-algebra of real rank zero. In Section 5, we obtain a homotopy type theorem
for unitaries in F (W) by classifying certain unitaries in F (W) up to unitary equiv-
alence (Theorem 5.7, Theorem 5.3). Also, we classify certain projections in F (W)
up to unitary equivalence and show that the unit 1 in F (W) is infinite (Theorem
5.8, Corollary 5.9). This is an answer to [22, Question 2.14]. Some arguments in
this section are motivated by arguments in [36, Section 4] (see also [32]). In Section
6, we introduce the Rohlin property for automorphisms of separable C∗-algebras
and show that every trace scaling automorphism ofW⊗K has the Rohlin property
(Theorem 6.4). Moreover, we show that if α is an automorphism of W such that
αm is strongly outer for any m ∈ Z\{0}, then α has the Rohlin property (Theorem
6.7). In Section 7, we obtain a classification theorem (Theorem 7.3) of trace scaling
automorphisms of W ⊗K by using the Bratteli-Elliott-Evans-Kishimoto intertwin-
ing argument. By the uniqueness of traces on W ⊗K, for any automorphism α of
W⊗K, there exists a positive real number λ(α) such that τ ⊗Tr ◦α = λ(α)τ ⊗Tr.
We say that α is a trace scaling automorphism if λ(α) 6= 1. The following theorem
is the main result in this paper.
Theorem.
Let α and β be trace scaling automorphisms of W ⊗ K. Then α and β are outer
conjugate if and only if λ(α) = λ(β).
The range of the invariant {λ(α) ∈ R×+ | α ∈ Aut(W ⊗ K)} is equal to the
fundamental group F(W) ofW , which is introduced in [42] (see also [43, Proposition
2.8]). By Razak’s classification theorem [46] and Robert’s classification theorem
[47], F(W) is equal to R×+. Moreover, combining the results of Kishimoto-Kumjian
[30], [31], Dean [9] and Robert [47], we see that there exists a trace scaling flow on
W⊗K. Note that a separable C∗-algebra with the uncountable fundamental group
must be stably projectionless (see [42, Corollary 4.10]). Hence stably projectionless
C∗-algebras seem to be more analogous to the AFD factors of type II than (finite)
stably unital C∗-algebras. We also show that if α and β are automorphisms of W
such that αm and βm are strongly outer for any m ∈ Z \ {0}, then α and β are
outer conjugate (Theorem 7.4).
After the first version of this paper was on the arxiv, Ga´bor Szabo´ generalized
some results in this paper to all classifiable KK-contractible C∗-algebras (see [53,
Theorem 5.11 and Theorem 5.12]) by using Gong and Lin’s basic homotopy lemma
[15].
2. Preliminaries
In this section we shall collect notations and some results. We refer the reader
to [1] and [45] for basic facts of operator algebras.
2.1. Notation. We say that a C∗-algebra A is σ-unital if A has a countable ap-
proximate unit. Note that if A is separable, then A is σ-unital. If A is σ-unital,
then there exists a positive element s ∈ A such that {s
1
n }n∈N is an approximate
unit. Such a positive element s is called strictly positive in A. We denote by A∼
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the unitization algebra of A. The multiplier algebra, denoted by M(A), of A is the
largest unital C∗-algebra that contains A as an essential ideal. If α is an automor-
phism of A, then α extends uniquely to an automorphism of M(A). We denote it
by the same symbol α for simplicity.
For a unitary element u in M(A), define an automorphism Ad(u) of A by
Ad(u)(x) = uxu∗ for x ∈ A. Such an automorphism is called an inner auto-
morphism. Let Aut(A) denote the automorphism group of A, which is equipped
with the topology of pointwise norm convergence. An automorphism α is said to be
approximately inner if α is in the closure of the inner automorphism group. We say
that two automorphisms α and β are approximately unitarily equivalent if α ◦ β−1
is approximately inner, and are outer conjugate if there exist an automorphism γ
of A and a unitary element u in M(A) such that
α = Ad(u) ◦ γ ◦ β ◦ γ−1.
Let F be a subset of A and ε > 0. A completely positive (c.p.) map ϕ : A→ B
is said to be (F, ε)-multiplicative if
‖ϕ(xy)− ϕ(x)ϕ(y)‖ < ε
for any x, y ∈ F . For c.p. maps ϕ, ψ : A → B, we write ϕ ∼F,ε ψ if there exists a
unitary element u ∈ B∼ such that
‖ϕ(x)− uψ(x)u∗‖ < ε
for any x ∈ F .
We denote by A+ the set of positive elements in A and by A+,1 the set of positive
contractions in A. A trace on A is a map τ of A+ to [0,∞] such that τ(λa) = λτ(a),
τ(a+b) = τ(a)+τ(b) and τ(x∗x) = τ(xx∗) for any a, b ∈ A+, λ ≥ 0 and x ∈ A. For
a trace τ on A, letMτ be a linear span of {a ∈ A+ | τ(a) <∞} and Nτ := {x ∈ A :
τ(x∗x) < ∞}. Then Mτ and Nτ are ideals of A and τ can be uniquely extended
to a positive linear functional on Mτ . A tracial state is a trace which is a state.
Every tracial state on A extends uniquely to a tracial state on M(A). We denote it
by the same symbol for simplicity. We say that τ is densely defined if Mτ is dense
in A, and is lower semicontinuous if {a ∈ A+ | τ(a) ≤ r} is closed for any r ∈ R+.
Let T (A) denote the set of densely defined lower semicontinuous traces on A and
T1(A) the set of tracial states on A. For τ ∈ T (A), put dτ (a) = limn→∞ τ(a
1
n ) for
a ∈ A+. Then dτ is a dimension function. We denote by (πτ , Hτ ) the Gelfand-
Naimark-Segal (GNS) representation of τ ∈ T (A). Note that Hτ is the completion
of the pre-Hilbert space Nτ with a pre-inner product 〈x̂, ŷ〉 = τ(y
∗x) for x, y ∈ Nτ .
The norm on Hτ is denoted by ‖ · ‖2. Let τ be a lower semicontinuous densely
defined trace on a σ-unital C∗-algebra A. We denote by Ped(A) the Pedersen ideal
of A, which is a minimal dense ideal of A. Note that Ped(A) is contained in Nτ
because Nτ is a dense ideal in A. There exists an approximate unit {hn}n∈N for
A contained in Ped(A). It easy to see that {ĥnx | n ∈ N, x ∈ Nτ} is dense in Hτ .
Indeed, the lower semicontinuity of τ implies that for any x ∈ Nτ , we have
‖x̂− ĥnx‖2 = τ(x
∗(1− hn)
2x)
1
2 ≤ τ(x∗(1− hn)x)
1
2 → 0
as n → ∞. If α is an automorphism of A such that τ ◦ α = λτ for some λ ∈ R×+,
then α can be uniquely extended to an automorphism α˜ of πτ (A)
′′
.
For x, y ∈ A, we write [x, y] to mean the commutator xy − yx. We denote by K
andMn∞ for n ∈ N the C
∗-algebra of compact operators on an infinite-dimensional
separable Hilbert space and the uniformly hyperfinite (UHF) algebra of type n∞,
respectively. Let Trn for n ∈ N denote the (unnormalized) usual trace on Mn(C)
and Tr denote the usual trace on K.
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2.2. Kirchberg’s central sequence C∗-algebras. We shall recall some proper-
ties of Kirchberg’s central sequence C∗-algebras in [22] (see also [43, Section 5]).
Let ω be a free ultrafilter on N. For a σ-unital C∗-algebra A, set
cω(A) := {(xn)n∈N ∈ ℓ
∞(N, A) | lim
n→ω
‖xn‖ = 0}, A
ω := ℓ∞(N, A)/cω(A).
Let B be a C∗-subalgebra of A. We identify A and B with the C∗-subalgebras of
Aω consisting of equivalence classes of constant sequences. Put
Aω := A
ω ∩ A′, Ann(B,Aω) := {(xn)n ∈ A
ω ∩B′ | (xn)nb = 0 for any b ∈ B}.
Then Ann(B,Aω) is a closed ideal of Aω ∩B′, and define
F (A) := Aω/Ann(A,A
ω).
We call F (A) the central sequence C∗-algebra of A. A sequence (xn)n is said to
be central if limn→ω ‖[xn, x]‖ = 0 for all x ∈ A. A central sequence is a represen-
tative of an element in Aω . Since A is σ-unital, A has a countable approximate
unit {hn}n∈N. It is easy to see that [(hn)n] is a unit in F (A). If A is unital,
then F (A) = Aω. Note that F (A) is isomorphic to M(A)
ω ∩ A′/Ann(A,M(A)ω)
and A∼ω/Ann(A, (A
∼)ω). Indeed, for any (yn)n ∈ M(A)
ω ∩ A′ (respectively,
(yn)n ∈ A
∼
ω), (ynhn)n is a central sequence in A and [(yn)n] = [(ynhn)n] in
M(A)ω ∩ A′/Ann(A,M(A)ω) (respectively, in A∼ω/Ann(A, (A
∼)ω)). Let h be a
full positive element in A, and define a map η from F (A) to F (hAh) by η([(xn)n]) =
[(h
1
n xnh
1
n )n]. Then η is an isomorphism from F (A) onto F (hAh). In particular,
F (A⊗K) is isomorphic to F (A). If α is an automorphism of A, α induces natural
automorphisms of Aω , Aω and F (A). We denote them by the same symbol α for
simplicity.
There exists a natural homomorphism ρ from F (A)⊗max A to A
ω such that
ρ([(xn)n]⊗ x) = (xnx)n
for any [(xn)n] ∈ F (A) and x ∈ A. For a projection p in F (A), let A
ω
p be a
hereditary subalgebra of Aω generated by ρ(pF (A)p ⊗max A). It can be easily
checked that
Aωp = ρ(p⊗ s)A
ωρ(p⊗ s)
where s is a strictly positive element in A.
Since ω is a (free) ultrafilter, for any τ ∈ T1(A), we can define a tracial state τω
on Aω by τω((an)n) = limn→ω τ(an) for any (an)n ∈ A
ω. We shall show that τω is
well-defined on F (A).
Proposition 2.1. Let A be a σ-unital C∗-algebra, and let τ be a tracial state on
A. Define τω : F (A)→ C by
τω([(xn)n]) = lim
n→ω
τ(xn)
for any [(xn)n] ∈ F (A). Then τω is well-defined. In particular, τω is a tracial state
on F (A).
Proof. It suffices to show that if (xn)n ∈ Ann(A,A
ω), then limn→ω τ(xn) = 0. We
may assume that ‖xn‖ ≤ 1 for any n ∈ N. Let {hn}n∈N be an approximate unit for
A and ε > 0. There exists a natural number N such that
|1− τ(hN )| <
ε
2
because limn→∞ τ(hn) = 1. Since limn→ω ‖xnhN‖ = 0, there exists X ∈ ω such
that
|τ(xnhN )| <
ε
2
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for any n ∈ X . Hence we have
|τ(xn)| ≤ |τ(xn)− τ(xnhN )|+ |τ(xnhN )| < |τ((1 − hN )
1
2xn(1− hN )
1
2 )|+
ε
2
≤ |1− τ(hN )|+
ε
2
< ε
for any n ∈ X . Therefore limn→ω τ(xn) = 0. 
For a semifinite von Neumann algebra M with separable predual, set
Cω(M) := {(xn)n∈N ∈ ℓ
∞(N,M) | [xn, y]→ 0 ∗ -strongly as n→ ω for any y ∈M}
and
Tω(M) := {(xn)n∈N ∈ ℓ
∞(N,M) | xn → 0 ∗ -strongly as n→ ω}.
Then Cω(M) is a C
∗-subalgebra of ℓ∞(N,M) and Tω(M) is a closed ideal of Cω(M).
Define
Mω := Cω(M)/Tω(M).
Note thatMω coincides with the asymptotic centralizer ofM in [4], and henceMω is
a finite von Neumann algebra. (Indeed, [54, Lemma XIV.3.4] and some arguments
on semifinite von Neumann algebras show this fact.) Let p be a projection inM with
central support 1, and define a map η˜ from Mω to (pMp)ω by η˜((xn)n) = (pxnp)n.
Then η˜ is an isomorphism from Mω onto (pMp)ω by [4, Lemma 2.11] (see also [33,
Lemma 2.8]) and [33, Proposition 2.10]. If α is an automorphism of a semifinite
von Neumann algebra M , α induces a natural automorphism of Mω. We denote it
by the same symbol α for simplicity. Note that if τ is a bounded trace, then the
following proposition is clear.
Proposition 2.2. Let A be a σ-unital C∗-algebra, and let τ be a lower semicontin-
uous densely defined trace on A. Then the inclusion map from A to πτ (A)
′′
induces
a homomorphism ̺A from F (A) to πτ (A)
′′
ω .
Proof. Let {hm}m∈N be an approximate unit for A contained in Ped(A). First, we
shall show that if (xn)n ∈ Ann(A,A
ω), then (πτ (xn))n ∈ Tω(πτ (A)
′′
). For any
m ∈ N and x ∈ Nτ , we have
‖πτ (xn)ĥmx‖2 + ‖πτ (x
∗
n)ĥmx‖2 ≤ ‖xnhm‖ · ‖x̂‖2 + ‖x
∗
nhm‖ · ‖x̂‖2 → 0
as n→ ω. Hence we see that (πτ (xn))n ∈ Tω(πτ (A)
′′
).
Let (xn)n be a central sequence of contractions in A. If we prove (πτ (xn))n ∈
Cω(πτ (A)
′′
), then we obtain the conclusion. Let ε > 0 and y ∈ πτ (M)
′′
. It suffices
to show that for any m ∈ N and x ∈ Nτ , there exists X ∈ ω such that
‖[πτ (xn), y]ĥmx‖2 + ‖[πτ (xn), y]
∗ĥmx‖2 < ε
for any n ∈ X . We may assume that y is a contraction and x̂ 6= 0. (Note that we
also have x 6= 0.) By the Kaplansky density theorem, there exists a contraction
z ∈ A such that
‖(y − πτ (z))ĥm‖2 + ‖(y
∗ − πτ (z
∗))ĥm‖2 <
ε
12‖x‖
.
Since (xn)n is a central sequence in A, there exists X ∈ ω such that
‖[xn, z]‖ <
ε
6‖x̂‖2
, ‖[xn, hm]‖ <
ε
12‖x̂‖2
6 NORIO NAWATA
for any n ∈ X . Then we have
‖[πτ (xn), y]ĥmx‖2 ≤ ‖(πτ (xn)y − πτ (xnz))ĥmx‖2 + ‖(πτ (xnz)− yπτ (xn))ĥmx‖2
≤ ‖xn‖ · ‖(y − πτ (z))ĥm‖2 · ‖x‖+ ‖(πτ (xnz)− yπτ (xn))ĥmx‖2
<
ε
12
+ ‖πτ ([xn, z])ĥmx‖2 + ‖(πτ (zxn)− yπτ (xn))ĥmx‖2
≤
ε
12
+ ‖[xn, z]‖ · ‖hm‖ · ‖x̂‖2 + ‖(πτ (zxn)− yπτ (xn))ĥmx‖2
<
ε
4
+ ‖πτ (z[xn, hm])x̂‖2 + ‖πτ (zhmxn)x̂− yπτ (xn)ĥmx‖2
≤
ε
4
+ ‖z‖ · ‖[xn, hm]‖ · ‖x̂‖2 + ‖(πτ (zhmxn)− yπτ (xnhm))x̂‖2
<
ε
3
+ ‖πτ (zhmxn)x̂− yπτ (hmxn)x̂‖2 + ‖yπτ ([hm, xn])x̂‖2
≤
ε
3
+ ‖(πτ (z)− y)ĥm‖2 · ‖xn‖ · ‖x‖+ ‖y‖ · ‖[hm, xn]‖ · ‖x̂‖2
<
ε
2
for any n ∈ X . Similar arguments show
‖[πτ (xn), y]
∗ĥmx‖2 <
ε
2
for any n ∈ X . Therefore the proof is complete. 
It is easy to see that if τ is a bounded faithful trace on A, then ker(̺A) =
{[(xn)n] ∈ F (A) | limn→ω τ(x
∗
nxn) = 0}. Moreover, the same proof as [24, Theorem
3.3] shows that ̺A is surjective. (See also [52, Lemma 2.1].) Using this fact, we
show the following proposition.
Proposition 2.3. Let A be a σ-unital C∗-algebra, and let τ be a faithful lower
semicontinuous densely defined trace on A. Assume that Ped(A) contains a full
positive element. Then ̺A is surjective.
Proof. Let h be a full positive element in Ped(A). Then hAh is a C∗-algebra with
no unbounded traces by the same argument as in the proof of [43, Proposition
5.2]. In particular, τ |hAh is a bounded faithful trace on hAh. Let p be a support
projection of πτ (h) in πτ (A)
′′
. Note that πτ (h
1
n ) converges to p in the strong∗
topology as n → ∞. Since h is full in A, p has central support 1. Hence we have
the following commutative diagram:
F (A)
̺A
−−−−→ πτ (A)
′′
ωyη yη˜
F (hAh)
̺hAh−−−−→ (pπτ (A)
′′
p)ω
where η and η˜ are standard isomorphisms from F (A) onto F (hAh) and from πτ (A)
′′
ω
onto (pπτ (A)
′′
p)ω, respectively. Since ̺hAh is surjective, we see that ̺A is surjective.

Remark 2.4. Let A be a σ-unital simple C∗-algebra, and let τ be a lower semicon-
tinuous densely defined trace on A. Then Ped(A) contains a full positive element
since every non-zero positive element is full. Moreover, it can be easily checked that
ker(̺A) = {[(xn)n] ∈ F (A) | limn→ω ‖πτ (xn)hˆ‖2 = 0} for some h ∈ Ped(A)+ \ {0}.
Assume that τ is a unique (up to scalar multiple) trace. Then we can define
a tracial state τω on F (A) by τω([(xn)n]) := limn→ω τ(xnh)/τ(h). Note that if
[(xn)n] ∈ ker(̺A), then τω([(xn)n]) = 0.
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2.3. Matui and Sato’s result. We shall remark that some arguments in [39]
work for non-unital C∗-algebras. It is important to consider property (SI). For
a, b ∈ A+, we say that a is Cuntz smaller than b, written a - b, if there exists a
sequence {xn}n∈N of A such that ‖x
∗
nbxn − a‖ → 0.
Definition 2.5. Let A be a C∗-algebra.
(1) Assume that T1(A) is a non-empty compact set. We say that A has property (SI)
if for any central sequences (an)n and (bn)n of positive contractions in A satisfying
lim
n→ω
max
τ∈T1(A)
τ(an) = 0, inf
m∈N
lim
n→ω
min
τ∈T1(A)
τ(bmn ) > 0,
there exists a central sequence (sn)n in A such that
lim
n→ω
‖s∗nsn − an‖ = 0, lim
n→ω
‖bnsn − sn‖ = 0.
(2) Let S be a subset of T1(A). We say that A has strict comparison (respec-
tively, strict comparison with respect to S) if for any k ∈ N, a, b ∈ Mk(A)+ with
dτ⊗Trk(a) < dτ⊗Trk(b) for any τ ∈ T1(A) (respectively, for any τ ∈ S) implies a - b.
Note that strict comparison in the definition above is different from almost un-
perforation of the Cuntz semigroup Cu(A). Essentially the same proofs as [39,
Lemma 4.7] and [39, Proposition 4.8] show the following theorem. See also [40,
Propostion 3.3] and [2, Theorem 4.1].
Theorem 2.6. (Matui-Sato)
Let A be a simple separable infinite-dimensional nuclear C∗-algebra with finitely
many extremal tracial states and no unbounded traces. Assume that A has property
(SI). Then:
(i) For any tracial state σ on F (A), there exists a tracial state τ on A such that
σ = τω.
(ii) If a and b are positive elements in F (A) satisfying dτω(a) < dτω (b) for any
τ ∈ T1(A), then there exists an element r ∈ F (A) such that r
∗br = a. Moreover,
F (A) has strict comparison.
2.4. Razak-Jacelon algebra. LetW be the Razak-Jacelon algebra studied in [21],
which has trivial K-groups and a unique tracial state τ and no unbounded traces.
The Razak-Jacelon algebra W is constructed as an inductive limit C∗-algebra of
Razak’s building block in [46], that is,
A(n,m) =

f ∈ C([0, 1])⊗Mm(C) | f(0) = diag(
k︷ ︸︸ ︷
c, .., c, 0n), f(1) = diag(
k+1︷ ︸︸ ︷
c, .., c),
c ∈Mn(C)

 ,
where n and m are natural numbers with n|m and k := m/n − 1. Let O2 denote
the Cuntz algebra generated by 2 isometries S1 and S2. For every λ1, λ2 ∈ R
there exists by universality a one-parameter automorphism group α of O2 given by
αt(Sj) = e
itλjSj . Kishimoto and Kumjian showed that if λ1 and λ2 are all non-zero,
of the same sign and λ1 and λ2 generate R as a closed subgroup, then O2⋊αR is a
simple stably projectionless C∗-algebra with unique (up to scalar multiple) densely
defined lower semicontinuous trace in [30] and [31]. Moreover, Robert [47] showed
that W ⊗K is isomorphic to O2 ⋊α R for some λ1 and λ2. (See also [9].)
By the uniqueness of traces on W⊗K, for any automorphism α of W⊗K, there
exists a positive real number λ(α) such that (τ ⊗ Tr) ◦ α = λ(α)τ ⊗ Tr. We say
that α is a trace scaling automorphism if λ(α) 6= 1. The following theorem is an
immediate consequence of Razak’s classification theorem (see also [47]).
Theorem 2.7. (Razak)
(i) Let A be a simple unital approximately finite-dimensional (AF) algebra with a
8 NORIO NAWATA
unique tracial state. Then A⊗W is isomorphic to W .
(ii) Every automorphism of W is approximately inner.
(iii) Let α and β be automorphisms of W ⊗ K. Then α and β are approximately
unitarily equivalent if and only if λ(α) = λ(β).
(iv) For any λ ∈ R×+, there exists an automorphism α ofW⊗K such that λ(α) = λ.
Note thatW is UHF-stable by (i) in the theorem above, and henceW is Z-stable.
Hence W has strict comparison and property (SI) (see [50], [38] and [43]).
3. Stable uniqueness theorem
In this section we shall recall some results in [12] and reformulate for our purpose.
Let Ω be a compact metrizable space. The following proposition is based on the
results of [7], [8], [11] and [14].
Proposition 3.1. (cf. [12, Proposition 8.2])
Let A be a separable non-unital C∗-algebra and B a separable C∗-algebra, and
let σ be a full homomorphism from A to B. Suppose that ϕ and ψ are nuclear
homomorphisms from C(Ω) ⊗ A to B with [ϕ] = [ψ] in KKnuc(C(Ω) ⊗ A,B).
Then for any finite subsets F1 ⊂ C(Ω), F2 ⊂ A and ε > 0, there exist m ∈ N,
z1, z2, ..., zm ∈ Ω and a unitary element u in Mm2+1(B)
∼ such that
‖u∗(ϕ(f ⊗ a)⊕
m︷ ︸︸ ︷
m⊕
k=1
f(zk)σ(a) ⊕ · · · ⊕
m⊕
k=1
f(zk)σ(a))u
− ψ(f ⊗ a)⊕
m︷ ︸︸ ︷
m⊕
k=1
f(zk)σ(a)⊕ · · · ⊕
m⊕
k=1
f(zk)σ(a) ‖ < ε
for any f ∈ F1 and a ∈ F2.
Proof. Choose a dense subset {zk | k ∈ N} ⊂ Ω. Let γ be a homomorphism from
C(Ω)⊗A to M(B ⊗K⊗K) such that
γ(f ⊗ a) = σ(a) ⊗
∞∑
k=1
f(zk)ekk ⊗ 1
for any f ∈ C(Ω) and a ∈ A, where {eij}i,j∈N is the standard matrix units of K.
Then we see that γ is purely large as an extension by [11, Theorem 17 (iii)]. The
same arguments as in the proofs of [12, Lemma 8.1] and [12, Proposition 8.2] show
that there exists a sequence {un}n∈N of unitaries in (B ⊗K)
∼ such that
‖un(ϕ(f ⊗ a)⊕ γ(f ⊗ a))u
∗
n − ψ(f ⊗ a)⊕ γ(f ⊗ a)‖ → 0
as n→∞ for any f ∈ C(Ω) and a ∈ A. For any m ∈ N, let
em := 1⊕
m∑
k=1
ekk ⊗
m∑
k=1
ekk ∈ B
∼ ⊕B∼ ⊗K⊗K ⊂ B∼ ⊗K.
For any n ∈ N, we have ‖[em, un]‖ → 0 as m→∞. Hence for sufficiently large m,
emunem is close to a unitary element in em(B ⊗K)
∼em ∼=Mm2+1(B)
∼.
Therefore choose a sufficient large n ∈ N, and then choose a sufficiently large
m ∈ N, we can find a unitary element u in Mm2+1(B)
∼ satisfying the conclusion
of the proposition. 
In order to obtain a stable uniqueness theorem for (G, δ)-multiplicative maps,
we need to consider homomorphisms from A to
∏
Bn/
⊕
Bn for some C
∗-algebras
A and Bn. We can avoid the assumption of separability in the proposition above by
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Blackadar’s technique (see [1, II.8.5] and [12, Lemma 8.4]). It is useful to consider
the following for the fullness.
Definition 3.2. (cf. [12, Definition 8.7])
Let L be a map from A+,1 \ {0}× (0, 1) to N and N a map from A+,1 \ {0}× (0, 1)
to (0,∞). A homomorphism ϕ from A to B is said to be (L,N)-full if for any
ε ∈ (0, 1), a ∈ A+,1 \ {0} and b ∈ B+,1, there exist elements x1, x2, ..., xL(a,ε) in B
such that
‖xi‖ ≤ N(a, ε)
for any i = 1, 2, ..., L(a, ε) and
‖b−
L(a,ε)∑
i=1
xiϕ(a)x
∗
i ‖ < ε.
The following proposition is a variant of [12, Proposition 8.12]. For finite sets
F1 and F2, let F1 ⊙ F2 := {a⊗ b | a ∈ F1, b ∈ F2}.
Proposition 3.3. Let A be a separable non-unital nuclear C∗-algebra that is KK-
equivalent to {0}, and let L : A+,1 \ {0}× (0, 1)→ N and N : A+,1 \ {0}× (0, 1)→
(0,∞) be maps. Then for any finite subsets F1 ⊂ C(Ω), F2 ⊂ A and ε > 0, there
exist finite subsets G1 ⊂ C(Ω), G2 ⊂ A, m ∈ N, and δ > 0 such that the following
holds. Let B be a C∗-algebra. For any contractive (G1⊙G2, δ)-multiplicative maps
ϕ, ψ : C(Ω) ⊗ A → B and an (L,N)-full homomorphism σ : A → B, there exist a
unitary element in u in Mm2+1(B)
∼ and z1, z2, ..., zm ∈ Ω such that
‖u∗(ϕ(f ⊗ a)⊕
m︷ ︸︸ ︷
m⊕
k=1
f(zk)σ(a) ⊕ · · · ⊕
m⊕
k=1
f(zk)σ(a))u
− ψ(f ⊗ a)⊕
m︷ ︸︸ ︷
m⊕
k=1
f(zk)σ(a)⊕ · · · ⊕
m⊕
k=1
f(zk)σ(a) ‖ < ε
for any f ∈ F1 and a ∈ F2.
Proof. Let finite subsets F1 ⊂ C(Ω), F2 ⊂ A and ε > 0. On the contrary, suppose
that the proposition were false for F1, F2 and ε. Then for any n ∈ N, there exist a
C∗-algebra Bn, contractive c.p. maps ϕn, ψn : C(Ω) ⊗ A → Bn and an (L,N)-full
homomorphism σn : A→ Bn such that
‖ϕn(xy)− ϕn(x)ϕn(y)‖ → 0, ‖ψn(xy) − ψn(x)ψn(y)‖ → 0
as n→∞ for any x, y ∈ C(Ω)⊗A and there exist no unitaries in Mn2+1(Bn)
∼ and
n elements in Ω satisfying the conclusion of the proposition.
Define homomorphisms Φ and Ψ from C(Ω) ⊗A to
∏
Bn/
⊕
Bn by
Φ(x) := (ϕn(x))n, Ψ(x) := (ψn(x))n
for any x ∈ C(Ω)⊗A, and define a homomorphism Σ from A to
∏
Bn/
⊕
Bn by
Σ(a) := (σn(a))n
for any a ∈ A. Since σn is (L,N)-full for any n ∈ N, Σ is full in
∏
Bn/
⊕
Bn.
By [12, Lemma 8.4], there exists a separable C∗-subalgebra B of
∏
Bn/
⊕
Bn such
that
Φ(C(Ω)⊗A),Ψ(C(Ω) ⊗A),Σ(A) ⊂ B
and Σ is full in B.
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Since C(Ω)⊗A is non-unital, nuclear and KK-equivalent to {0}, it follows from
Proposition 3.1 that there exist m ∈ N, z1, z2, ..., zm ∈ Ω and a unitary element U
in Mm2+1(B)
∼ such that
‖U∗(Φ(f ⊗ a)⊕
m︷ ︸︸ ︷
m⊕
k=1
f(zk)Σ(a)⊕ · · · ⊕
m⊕
k=1
f(zk)Σ(a))U
−Ψ(f ⊗ a)⊕
m︷ ︸︸ ︷
m⊕
k=1
f(zk)Σ(a)⊕ · · · ⊕
m⊕
k=1
f(zk)Σ(a) ‖ < ε
for any f ∈ F1 and a ∈ F2. It is easy to see that U can be lifted to a unitary
element (un)n∈N in
∏
Mm2+1(Bn)
∼. Note that we may assume un = bn + 1 for
some bn ∈Mm2+1(Bn). For sufficiently large n ∈ N, we have
‖u∗n(ϕn(f ⊗ a)⊕
m︷ ︸︸ ︷
m⊕
k=1
f(zk)σn(a)⊕ · · · ⊕
m⊕
k=1
f(zk)σn(a))un
− ψn(f ⊗ a)⊕
m︷ ︸︸ ︷
m⊕
k=1
f(zk)σn(a)⊕ · · · ⊕
m⊕
k=1
f(zk)σn(a) ‖ < ε
for any f ∈ F1 and a ∈ F2. Take elements zm+1, ..., zn ∈ Ω, and let u be a trivial
unitary extension in Mn2+1(Bn)
∼ from un. Then
‖u∗(ϕn(f ⊗ a)⊕
n︷ ︸︸ ︷
n⊕
k=1
f(zk)σn(a)⊕ · · · ⊕
n⊕
k=1
f(zk)σn(a))u
− ψn(f ⊗ a)⊕
n︷ ︸︸ ︷
n⊕
k=1
f(zk)σn(a)⊕ · · · ⊕
n⊕
k=1
f(zk)σn(a) ‖ < ε
for any f ∈ F1 and a ∈ F2. This is a contradiction. Therefore the proof is
complete. 
The following lemma is an analogous lemma of [23, Lemma 2.2 (iii)].
Lemma 3.4. Let A be a C∗-algebra, and let L : A+,1 \ {0} × (0, 1) → N and
N : A+,1 \ {0} × (0, 1) → (0,∞) be maps. Then there exist maps L
′ : A+,1 \
{0} × (0, 1) → N and N ′ : A+,1 \ {0} × (0, 1) → (0,∞) such that the following
holds. Let B be a C∗-algebra, and let C be a hereditary subalgebra of B. If σ is a
homomorphism from A to C ⊂ B such that for any ε ∈ (0, 1), a ∈ A+,1 \ {0} and
b ∈ C+,1, there exist elements x1, x2, ..., xL(a,ε) in B such that
‖xi‖ ≤ N(a, ε)
for any i = 1, 2, ..., L(a, ε) and
‖b−
L(a,ε)∑
i=1
xiσ(a)x
∗
i ‖ < ε,
then σ is (L′, N ′)-full in C.
Proof. For any a ∈ A+,1 \ {0} and ε ∈ (0, 1), let
L′(a, ε) := L(a2, ε), N ′(a, ε) := N(a2, ε).
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Then L′ and N ′ have the desired property. Indeed, let σ be a homomorphism from
A to C ⊂ B satisfying the assumption above. For any b ∈ C+,1 and ε ∈ (0, 1),
there exist elements x1, x2, ..., xL′(a,ε) in B such that ‖xi‖ ≤ N
′(a, ε) for any i =
1, 2, ..., L′(a, ε) and
‖b
1
2 −
L′(a,ε)∑
i=1
xiσ(a
2)x∗i ‖ < ε.
We have
‖b−
L′(a,ε)∑
i=1
b
1
4 xiσ(a
1
2 )σ(a)σ(a
1
2 )x∗i b
1
4 ‖ ≤ ‖b
1
2 −
L′(a,ε)∑
i=1
xiσ(a
2)x∗i ‖ < ε.
Since C is a hereditary subalgebra of B, we see that b
1
4xiσ(a
1
2 ) ∈ C for any i =
1, 2, ..., L′(a, ε). Therefore σ is (L′, N ′)-full in C. 
Essentially the same proof as [12, Lemma 8.15] show the following lemma.
Roughly speaking, this lemma says that if target algebras have strict comparison,
then the (L,N)-fullness can be controlled by traces.
Lemma 3.5. (Elliott-Niu)
For any ε > 0 and δ > 0, there exist ℓ(δ) ∈ N and n(ε) > 0 such that the following
holds. Let A be a C∗-algebra, and let S be a subset of T1(A). Assume that A has
strict comparison with respect to S. If a and b are positive contractions in A such
that
τ(a) > dτ (b)δ
for any τ ∈ S, then there exist x1, x2, ..., xℓ(δ) ∈ A such that
‖xi‖ ≤ n(ε)
for any i = 1, 2, ..., ℓ(δ) and
‖b−
ℓ(δ)∑
i=1
xiax
∗
i ‖ < ε.
The following lemma is a variant of [35, Lemma 3.5].
Lemma 3.6. Let A be σ-unital C∗-algebra, and let τ be an extremal tracial state
on A. If a is a positive element in F (A), then
τω(ρ(a⊗ x)) = τω(a)τ(x)
for any x ∈ A.
Proof. There exists a positive contraction (an)n inWω such that a = [(an)n]. Note
that we have ρ(a ⊗ x) = (anx)n = (a
1
2
nxa
1
2
n )n. For any x ∈ A, define τ
′(x) :=
limn→ω τ(anx). Then τ
′ is a trace on A and τ ′ ≤ τ . Since τ is an extremal
tracial state on A, there exists λ ≥ 0 such that τ ′ = λτ . Let {hm}m∈N be an
approximate unit for A. Then limm→∞ τ(hm) = 1 because τ is a state. Hence
λ = limm→∞ τ
′(hm). Similar arguments as in the proof of [43, Proposition 5.3]
show
lim
m→∞
lim
n→ω
τ(anhm) = lim
n→ω
τ(an).
Therefore λ = limn→ω τ(an). We obtain the conclusion. 
For a projection p in F (W), define a homomorphism σp from W to W
ω
p by
σp(x) := ρ(p⊗ x)
for any x ∈ W .
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Proposition 3.7. There exist maps L : W+,1 \ {0} × (0, 1) → N and N : W+,1 \
{0} × (0, 1) → (0,∞) such that the following holds. If p be a projection in F (W)
such that τω(p) > 0 where τ is the unique tracial state onW , then σp is (L,N)-full.
Proof. For any ε > 0 and δ > 0, take ℓ(δ) ∈ N and n(ε) > 0 in Lemma 3.5. Define
L(a, ε) := ℓ
(
τ(a)
2
)
, N(a, ε) := n (ε)
for any a ∈ W+,1 \ {0} and ε ∈ (0, 1). Note that τ(a) > 0 since W is simple.
Let p ∈ F (W) be a projection in F (W) such that τω(p) > 0. There exists
a positive contraction (pn)n in Wω such that p = [(pn)n]. Let a ∈ W+,1 \ {0},
b ∈ (Wωp )+,1 and ε > 0. Since W
ω
p = ρ(p⊗ s)W
ωρ(p⊗ s) = (pns)nWω(spn)n
where s is a strictly positive element in W , we have (pn)nb(pn)n = b. Hence
dτω(b) ≤ τω(p). By Lemma 3.6 and τω(p) > 0, we have
τω(σp(a)) = τω(p)τ(a) > τω(p)
τ(a)
2
≥ dτω(b)
τ(a)
2
.
Since W has strict comparison and the tracial state on W is unique, Wω has strict
comparison with respect to {τω} (see, for example, the proof of [2, Lemma 1.23]).
Therefore Lemma 3.5 implies that there exist elements x1, x2, ..., xL(a,ε) inW
ω such
that
‖xi‖ ≤ N(a, ε)
for any i = 1, 2, ..., L(a, ε) and
‖b−
L(a,ε)∑
i=1
xiσp(a)x
∗
i ‖ < ε.
Since Wωp is a hereditary subalgebra of W
ω, we obtain the conclusion by Lemma
3.4. 
The following corollary is an immediate consequence of Proposition 3.3 and
Proposition 3.7.
Corollary 3.8. For any finite subsets F1 ⊂ C(Ω), F2 ⊂ W , ε > 0, there exist finite
subsets G1 ⊂ C(Ω), G2 ⊂ W , m ∈ N and δ > 0 such that the following holds. Let p
be a projection in F (W) such that τω(p) > 0 where τ is the unique tracial state on
W . For any contractive (G1 ⊙G2, δ)-multiplicative maps ϕ, ψ : C(Ω) ⊗W →W
ω
p ,
there exist a unitary element u in Mm2+1(W
ω
p )
∼ and z1, z2, ..., zm ∈ Ω such that
‖u∗(ϕ(f ⊗ a)⊕
m︷ ︸︸ ︷
m⊕
k=1
f(zk)ρ(p⊗ a)⊕ · · · ⊕
m⊕
k=1
f(zk)ρ(p⊗ a))u
− ψ(f ⊗ a)⊕
m︷ ︸︸ ︷
m⊕
k=1
f(zk)ρ(p⊗ a)⊕ · · · ⊕
m⊕
k=1
f(zk)ρ(p⊗ a) ‖ < ε
for any f ∈ F1 and a ∈ F2.
4. Properties of F (W)
In this section we shall consider properties of F (W). In the rest of this paper,
we denote by τ the unique tracial state on W . Since W has property (SI), the
following proposition is an immediate consequence of Theorem 2.6.
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Proposition 4.1. (i) The central sequence C∗-algebra F (W) has a unique tracial
state τω .
(ii) If a and b are positive elements in F (W) satisfying dτω (a) < dτω(b), then
there exists an element r ∈ F (W) such that r∗br = a. Moreover, F (W) has strict
comparison.
The following proposition shows that F (W) has many projections.
Proposition 4.2. (i) For any N ∈ N, there exists a unital homomorphism from
MN(C) to F (W).
(ii) For any θ ∈ [0, 1], there exists a non-zero projection p in F (W) such that
τω(p) = θ.
(iii) Let h be a positive element in F (W) such that dτω (h) > 0. For any θ ∈
[0, dτω(h)), there exists a non-zero projection p in hF (W)h such that τω(p) = θ.
Proof. Let {hn}n∈N be an approximate unit for W .
(i) By Theorem 2.7,W is isomorphic toW⊗MN∞ =W⊗
⊗
n∈NMN(C). Define
a map ϕ from MN(C) to F (W) ∼= F (W ⊗
⊗
n∈NMN(C)) by
ϕ(x) := [(hn ⊗
n︷ ︸︸ ︷
1⊗ · · · ⊗ 1⊗x⊗ 1⊗ · · · )n]
for any x ∈MN(C). Then ϕ is a unital homomorphism.
(ii) Since Z[1/2] is dense in R, there exists a sequence {qn}n∈N of non-zero
projections in M2∞ such that limn→∞ τ
′(qn) = θ, where τ
′ is the unique tracial
state on M2∞ . Put
p := [(hn ⊗
n︷ ︸︸ ︷
1⊗ · · · ⊗ 1⊗qn ⊗ 1⊗ · · · )n] ∈ F (W ⊗
⊗
n∈N
M2∞) ∼= F (W).
Then p is a non-zero projection in F (W) such that τω(p) = θ.
(iii) There exists a non-zero projection q in F (W) such that τω(q) = θ by (ii).
Proposition 4.1 implies that there exists an element r in F (W) such that rhr∗ = q.
Let p := h
1
2 r∗rh
1
2 , then p is a non-zero projection in hF (W)h such that τω(p) =
θ. 
Recall that ker(̺W) = {x ∈ F (W) | τω(x
∗x) = 0}.
Proposition 4.3. Let x be an element in F (W). Then x is full if and only if
x /∈ ker(̺W).
Proof. It is obvious that if x ∈ ker(̺W), then x is not full in F (W). Let x /∈
ker(̺W), then τω(x
∗x) > 0. For any b ∈ F (W)+, there exists a positive number
δ such that τω(x
∗x) > δdτω (b). Hence, for any ε > 0, there exist z1, z2, ..., zℓ(δ) ∈
F (W) such that
‖b−
ℓ(δ)∑
i=1
zix
∗xz∗i ‖ < ε
by Lemma 3.5. This shows the closed ideal generated by x is equal to F (W).
Therefore x is full. 
Using the ideas in [49] and [48], we shall show that certain elements in F (W) can
be approximated by invertible elements. We denote by GL(A) the set of invertible
elements in A.
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Lemma 4.4. Let a and b be positive elements in F (W) such that a, b /∈ ker(̺W).
Then there exist a unitary element u and a projection p′ in F (W) such that p′ /∈
ker(̺W) and p
′ ∈ aF (W)a ∩ u(bF (W)b)u∗.
Proof. Since a, b /∈ ker(̺W), we have dτω(a) > 0 and dτω(b) > 0. Proposition 4.2
and Proposition 4.1 imply that there exist a projection p ∈ aF (W)a and an element
r ∈ F (W) such that p /∈ ker(̺W ) and rbr
∗ = p. Then we have prb /∈ ker(̺W), and
hence arb /∈ ker(̺W). Since r is a linear combination of four unitaries in F (W),
there exists a unitary element w in F (W) such that awb /∈ ker(̺W ). Since ker(̺W)
is closed, essentially the same argument as in the proof of [49, Lemma 3.4] show
that there exist a unitary element u and a positive element c ∈ F (W) such that
c /∈ ker(̺W) and c ∈ aF (W)a ∩ u(bF (W)b)u
∗. Using Proposition 4.2, we can find
a projection p′ satisfying the conclusion of the proposition. 
Lemma 4.5. Let x be an element in F (W). Assume that there exist projections
p and q in F (W) such that xp = qx = x and 1 − p, 1 − q /∈ ker(̺W). Then there
exist a unitary element u and a projection e in F (W) such that eux = uxe = ux
and 1− e /∈ ker(̺W ).
Proof. Lemma 4.4 implies that there exist a unitary element u and a projection p′
in F (W) such that p′ /∈ ker(̺W ) and
p′ ∈ (1− p)F (W)(1 − p) ∩ u(1− q)F (W)(1 − q)u∗.
Since x(1 − p) = (1 − q)x = 0, we have uxp′ = 0 and p′ux = 0. Put e := 1 − p′,
then we obtain the conclusion. 
Lemma 4.6. Let y be an element in F (W). Assume that there exists a projection
e in F (W) such that ey = ye = y and 1− e /∈ ker(̺W). Then y ∈ GL(F (W)).
Proof. It is enough to show that y is a product of two nilpotent elements. Since
1 − e is full by Proposition 4.3, there exist elements x1, x2, ..., xN in F (W) such
that
∑N
i=1 xi(1 − e)x
∗
i = 1. Proposition 4.2 implies that there exists a unital
homomorphism ϕ from MN+1(C) to F (W). Let {eij}
N+1
i,j=1 be the standard matrix
units of MN+1(C). Taking suitable subsequences of representatives of ϕ(eij) for
any i, j = 1, 2, ..., N + 1, we may assume that the range of ϕ commutes with y, e,
x1,...,xN . Put
r1 :=
N∑
i=1
exi(1− e)ϕ(eN+1i), r2 :=
N∑
i=1
yϕ(eii+1), r := r1 + r2
and
t1 :=
N∑
i=1
(1− e)x∗i yϕ(eiN+1), t2 :=
N∑
i=1
eϕ(ei+1i), t := t1 + t2.
Then similar arguments as in the proof of [48, Lemma 2.1] show that rt = y and
rN+2 = tN+2 = 0. Indeed, we have
rt = (r1+r2)(t1+t2) = r1t1+r2t2 =
N∑
i=1
exi(1−e)x
∗
i yϕ(eN+1N+1)+
N∑
i=1
yϕ(eii) = y.
Since we have r1r2 = 0, r
k = (r1 + r2)
k =
∑k
i=0 r
i
2r
k−i
1 for any k ∈ N. It can be
easily checked that r21 = 0 and r
N+1
2 = 0. This implies that r
N+2 = 0. In a similar
way, we see that tN+2 = 0. 
The following proposition is an immediate consequence of Lemma 4.5 and Lemma
4.6.
TRACE SCALING AUTOMORPHISMS OF THE STABILIZED RAZAK-JACELON ALGEBRA15
Proposition 4.7. Let x be an element in F (W). Assume that there exist projec-
tions p and q in F (W) such that xp = qx = x and 1 − p, 1 − q /∈ ker(̺W). Then
x ∈ GL(F (W)).
Using the proposition above, we shall show that for certain projections in F (W),
Murray-von Neumann equivalence and unitary equivalence coincide.
Proposition 4.8. Let p and q be projections in F (W) such that τω(p) < 1. Then
p and q are Murray-von Neumann equivalent if and only if p and q are unitarily
equivalent.
Proof. The if part is obvious. We will show the only if part. Suppose that there
exists a partial isometry v ∈ F (W) such that v∗v = p and vv∗ = q. Since we have
vp = qv = v and τω(1 − q) = τω(1 − p) > 0, there exists an invertible element s of
norm one such that ‖s− v‖ < 1/4 by Proposition 4.7. Let u := s(s∗s)−
1
2 . Then u
is a unitary element in F (W) and we have ‖upu∗ − q‖ < 1. Therefore we see that
p is unitarily equivalent to q. 
We shall show that every unitary element in F (W) can be lifted to a unitary
element in W∼ω .
Proposition 4.9. Let A be a σ-unital C∗-algebra with A ⊂ GL(A∼). If u is a
unitary element in F (A), then there exists a unitary element w in A∼ω such that
u = [w].
Proof. Since A ⊂ GL(A∼), there exists a bounded sequence {zn}n∈N of invertible
elements in A∼ such that u = [(zn)n]. Note that for any a ∈ A,
lim
n→ω
‖z∗nzna− a‖ = 0, lim
n→ω
‖znz
∗
na− a‖ = 0
because u is a unitary element in F (A). For any n ∈ N, let wn := zn(z
∗
nzn)
− 1
2 .
Then wn is a unitary element in A
∼ and for any a ∈ A, we have
‖wna− zna‖ = ‖wn(a− (z
∗
nzn)
1
2 a)‖ = ‖a− (z∗nzn)
1
2 a‖ → 0
as n→ ω. Furthermore, for any a ∈ A, we have
‖[wn, a]‖ = ‖wnaw
∗
n − a‖
= ‖wnaw
∗
n − znaw
∗
n + znaw
∗
n − znaz
∗
n + znaz
∗
n − znz
∗
na+ znz
∗
na− a‖
≤ ‖wna− zna‖+ ‖zn‖‖wna
∗ − zna
∗‖+ ‖zn‖‖az
∗
n − z
∗
na‖+ ‖znz
∗
na− a‖
→ 0
as n→ ω. Therefore (wn)n is a unitary element in A
∼
ω such that u = [(wn)n]. 
Since W has stable rank one, we have the following corollary.
Corollary 4.10. Let u be a unitary element in F (W). Then there exists a unitary
element w in W∼ω such that u = [w].
5. Homotopy of unitaries in F (W)
In this section we shall prove Theorem 5.7. The following lemma is motivated
by [36, Lemma 4.1] and [36, Lemma 4.2].
Lemma 5.1. Let Ω be a compact metrizable space, and let F be a finite subset
of C(Ω) and ε > 0. Suppose that ϕ and ψ are unital homomorphisms from C(Ω)
to F (W) such that τω ◦ ϕ = τω ◦ ψ. Then there exist a projection p ∈ F (W),
(F, ε)-multiplicative unital c.p. maps ϕ′ and ψ′ from C(Ω) to pF (W)p and a unital
homomorphism σ from C(Ω) to (1 − p)F (W)(1 − p) with finite-dimensional range
such that
0 < τω(p) < ε, ϕ ∼F,ε ϕ
′ ⊕ σ, ψ ∼F,ε ψ
′ ⊕ σ.
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Proof. We may assume that every element in F is of norm one. Let µ be the
probability measure on Ω corresponding to τω ◦ ϕ = τω ◦ ψ. By the same argu-
ment as in the proof of [36, Lemma 4.1], there exist pairwise disjoint open subsets
W1,W2, ...,Wl ⊂ Ω such that
µ(Ω \
l⋃
i=1
Wi) = 0, µ(Wi) > 0
and |f(x) − f(y)| < ε/3 for any x, y ∈ Wi and f ∈ F . For any i = 1, 2, ..., l,
choose zi ∈ Wi. Proposition 4.2 implies that there exists a projection pi in
ϕ(C0(Wi))F (W)ϕ(C0(Wi)) such that
µ(Wi)−
ε
l
< τω(pi) < µ(Wi).
Note that we have
‖piϕ(f)− f(zi)pi‖ <
ε
3
, ‖ϕ(f)pi − f(zi)pi‖ <
ε
3
for any f ∈ F and i = 1, 2, ..., l. In the same way as in the proof of [36, Lemma
4.1], we see that there exist mutually orthogonal projections p1, p2, ..., pl in F (W)
∗∗
such that pi commutes with ϕ(C(Ω)) and pi ≤ pi. In a similar way as above, there
exist a projection qi in ψ(C0(Wi))F (W)ψ(C0(Wi)) such that
τω(pi) < τω(qi) < µ(Wi)
and
‖qiψ(f)− f(zi)qi‖ <
ε
3
, ‖ψ(f)qi − f(zi)qi‖ <
ε
3
for any f ∈ F and i = 1, 2..., l. Also, there exist mutually orthogonal projections
q1, q2, ..., ql in F (W)
∗∗ such that qi commutes with ψ(C(Ω)) and qi ≤ qi.
For any i = 1, 2, ..., l, there exists a subprojection q′i of qi such that q
′
i is Murray-
von Neumann equivalent to pi by Proposition 4.1. It follows from Proposition
4.8 that there exists a unitary element u in F (W) such that upiu
∗ = q′i for any
i = 1, 2, ..., l. Put p := 1−
∑l
i=1 pi and q := 1−
∑l
i=1 q
′
i. Then we have
0 < τω(p) < ε.
Since (1− p)ϕ(f) =
∑l
i=1 piϕ(f) =
∑l
i=1 pipiϕ(f) =
∑l
i=1 piϕ(f)pi, we have
‖(1− p)ϕ(f)−
l∑
i=1
f(zi)pi‖ <
ε
3
for any f ∈ F . Moreover, we have
‖[p, ϕ(f)]‖ <
2ε
3
for any f ∈ F . In a similar way, we have
‖(1− q)ψ(f)−
l∑
i=1
f(zi)q
′
i‖ <
ε
3
, ‖[q, ψ(f)]‖ <
2ε
3
for any f ∈ F .
Define unital c.p. maps ϕ′ and ψ′ from C(Ω) to pF (W)p by
ϕ′(f) := pϕ(f)p, ψ′(f) := pu∗ψ(f)up,
and define a unital homomorphism σ from C(Ω) to (1− p)F (W)(1 − p) by
σ(f) :=
l∑
i=1
f(zi)pi.
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Then it is easy to see that ϕ′ and ψ′ are (F, 2ε/3)-multiplicative maps. We have
‖ϕ(f)− (ϕ′(f) + σ(f))‖ ≤ ‖pϕ(f)− pϕ(f)p‖+ ‖(1− p)ϕ(f)−
l∑
i=1
f(zi)pi‖
<
2ε
3
+
ε
3
= ε
for any f ∈ F . Also, we have
‖ψ(f)− u(ψ′(f) + σ(f))u∗‖ = ‖ψ(f)− qψ(f)q −
l∑
i=1
f(zi)q
′
i‖ < ε
for any f ∈ F . Therefore the proof is complete. 
The following theorem is related to [36, Theorem 4.5].
Theorem 5.2. Let Ω be a compact metrizable space, and let F1 be a finite subset
of C(Ω) and F2 a finite subset of W , and let ε > 0. Then there exist mutually
orthogonal positive elements h1, h2, ..., hl in C(Ω) of norm one such that the fol-
lowing holds. For any ν > 0, there exist finite subsets G1 ⊂ C(Ω), G2 ⊂ W and
δ > 0 such that the following holds. If ϕ and ψ are unital c.p. maps from C(Ω) to
M(W) such that
τ(ϕ(hi)) ≥ ν, 1 ≤ ∀i ≤ l,
‖[ϕ(f), a]‖ < δ, ‖[ψ(f), a]‖ < δ, ∀f ∈ G1, a ∈ G2,
‖(ϕ(fg)− ϕ(f)ϕ(g))a‖ < δ, ‖(ψ(fg)− ψ(f)ψ(g))a‖ < δ, ∀f, g ∈ G1, a ∈ G2,
|τ(ϕ(f)) − τ(ψ(f))| < δ, ∀f ∈ G1,
then there exists a unitary element u in W∼ such that
‖uϕ(f)au∗ − ψ(f)a‖ < ε
for any f ∈ F1 and a ∈ F2.
Proof. We may assume that every element in F2 is of norm one. Let {y1, y2, ..., yl}
be a finite subset of Ω such that for any x ∈ Ω, there exists yi ∈ {y1, y2, ..., yl}
such that |f(x) − f(yi)| < ε/7 for any f ∈ F1. Choose pairwise disjoint open
neighborhoods W1,W2, ...,Wl of y1, y2, ..., yl respectively such that if x ∈ Wi and
f ∈ F1, then |f(x) − f(yi)| < ε/7. For any i = 1, 2, ..., l, take a positive element
hi ∈ C0(Wi) of norm one. We shall show that h1, h2, ..., hl have the desired property.
On the contrary, suppose that h1, h2, ..., hl did not have the desired property. Then
there exists a positive number ν satisfying the following: For any n ∈ N, there exist
unital c.p. maps ϕn, ψn : C(Ω)→M(W) such that
τ(ϕn(hi)) ≥ ν, 1 ≤ ∀i ≤ l,
‖[ϕn(f), a]‖ → 0, ‖[ψn(f), a]‖ → 0, ‖(ϕn(fg)− ϕn(f)ϕn(g))a‖ → 0,
‖(ψn(fg)− ψn(f)ψn(g))a‖ → 0, |τ(ϕn(f))− τ(ψn(f))| → 0
as n→∞ for any f, g ∈ C(Ω), a ∈ W and
max
f∈F1,a∈F2
‖uϕn(f)au
∗ − ψn(f)a‖ ≥ ε
for any unitary element u in W∼.
Define homomorphisms ϕ and ψ from C(Ω) to F (W) by
ϕ(f) := [(ϕn(f))n], ψ(f) := [(ψn(f))n]
for any f ∈ C(Ω), and define homomorphisms Φ and Ψ from C(Ω)⊗W to Wω by
Φ := ρ ◦ (ϕ⊗ idW), Ψ := ρ ◦ (ψ ⊗ idW).
Note that we have
τω(ϕ(hi)) ≥ ν
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for any i = 1, 2, ..., l and
τω ◦ ϕ = τω ◦ ψ.
Applying Corollary 3.8 to F1, F2 and ε/7, we obtain finite subsets G1 ⊂ C(Ω)
G2 ⊂ W , m ∈ N and δ > 0. Put
F ′1 := F1 ∪G1 ∪ {h1, h2, ..., hl}, ε
′ := min{ε/7, δ, ν/(m2 + 2)}.
Applying Lemma 5.1 to F ′1, ε
′, ϕ and ψ, there exist a projection p ∈ F (W),
(F ′, ε′)-multiplicative unital c.p. maps ϕ′ and ψ′ from C(Ω) to pF (W)p and a
unital homomorphism σ from C(Ω) to (1− p)F (W)(1− p) with finite-dimensional
range such that
0 < τω(p) < ε
′, ϕ ∼F ′
1
,ε′ ϕ
′ ⊕ σ, ψ ∼F ′
1
,ε′ ψ
′ ⊕ σ.
Define c.p. maps Φ′ and Ψ′ from C(Ω) ⊗W to Wωp by
Φ′ := ρ ◦ (ϕ′ ⊗ idW), Ψ
′ := ρ ◦ (ψ′ ⊗ idW)
and define a homomorphism Σ from C(Ω)⊗W to Wω1−p by
Σ := ρ ◦ (σ ⊗ idW).
Since every unitary element in F (W) can be lifted to a unitary element in W∼ω by
Corollary 4.10,
Φ ∼F1⊙F2, ε7 Φ
′ ⊕ Σ, Ψ ∼F1⊙F2, ε7 Ψ
′ ⊕ Σ.
It can be easily checked that Φ′ and Ψ′ are contractive (G1 ⊙G2, δ)-multiplicative
maps. By Corollary 3.8, there exist a unitary element U in Mm2+1(W
ω
p )
∼ and
z1, z2, ..., zm ∈ Ω such that
‖U∗(Φ′(f ⊗ a)⊕
m︷ ︸︸ ︷
m⊕
k=1
f(zk)ρ(p⊗ a)⊕ · · · ⊕
m⊕
k=1
f(zk)ρ(p⊗ a))U
−Ψ′(f ⊗ a)⊕
m︷ ︸︸ ︷
m⊕
k=1
f(zk)ρ(p⊗ a)⊕ · · · ⊕
m⊕
k=1
f(zk)ρ(p⊗ a) ‖ <
ε
7
for any f ∈ F1 and a ∈ F2.
For any homomorphism γ : C(Ω)→ F (W), let µγ denote the probability measure
on Ω corresponding to τω ◦ γ. For any i = 1, 2, ..., l, we have
µσ(Wi) ≥ τω(σ(hi)) > τω(ϕ(hi))−τω(ϕ
′(hi))−ε
′ ≥ ν−τω(p)−ε
′ > ν−2ε′ ≥ m2ε′.
Hence we see that there exists a homomorphism σ′ : C(Ω) → (1 − p)F (W)(1 − p)
with finite-dimensional range such that
‖σ(f)− σ′(f)‖ <
ε
7
for any f ∈ F1 and µσ′ ({yi}) > m
2ε′ for any i = 1, 2, ..., l because of the property of
Wi. Using Proposition 4.1, we see that there exist mutually orthogonal projections
{pj,k}
m
j,k=1 in (1 − p)F (W)(1 − p) and a homomorphism σ
′′ : C(Ω) → (1 − p −
q)F (W)(1 − p− q) where q =
∑m
j,k=1 pj,k such that
‖σ′(f)− (
m∑
j=1
m∑
k=1
f(zk)pj,k + σ
′′(f))‖ <
ε
7
for any f ∈ F1 and pj,k is Murray-von Neumann equivalent to p for any j, k =
1, 2, ...,m because of the property of {y1, y2, ..., yl}.
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Since Φ′(f ⊗ a) +
∑m
j=1
∑m
k=1 f(zk)ρ(pj,k ⊗ a) in W
ω
p+q can be regarded as an
element in Mm2+1(W
ω
p )
∼, there exists a unitary element Û in (Wωp+q)
∼ such that
‖Û∗(Φ′(f ⊗ a) +
m∑
j=1
m∑
k=1
f(zk)ρ(pj,k ⊗ a))Û
− (Ψ′(f ⊗ a) +
m∑
j=1
m∑
k=1
f(zk)ρ(pj,k ⊗ a))‖ <
ε
7
by the argument above. Note that we may assume that Û = (an)n + 1 for some
(an)n ∈ W
ω
p+q. Let V be a trivial unitary extension in (W
ω)∼ from Û . Then we
have
‖V ∗(Φ′(f ⊗ a)+
m∑
j=1
m∑
k=1
f(zk)ρ(pj,k ⊗ a) + σ
′′(f))V
− (Ψ′(f ⊗ a) +
m∑
j=1
m∑
k=1
f(zk)ρ(pj,k ⊗ a) + σ
′′(f))‖ <
ε
7
.
Let Σ′ and Σ′′ be homomorphisms from C(Ω)⊗W to Wω1−p such that
Σ′(f ⊗ a) = ρ(σ′(f)⊗ a), Σ′′(f ⊗ a) = ρ

 m∑
j=1
m∑
k=1
(f(zk)pj,k + σ
′′(f))⊗ a


for any f ∈ C(Ω) and a ∈ W . Then we have
Φ ∼F1⊙F2, ε7 Φ
′ ⊕ Σ ∼F1⊙F2, ε7 Φ
′ ⊕ Σ′ ∼F1⊙F2, ε7 Φ
′ ⊕ Σ′′ ∼F1⊙F2, ε7 Ψ
′ ⊕ Σ′′
∼F1⊙F2, ε7 Ψ
′ ⊕ Σ′ ∼F1⊙F2, ε7 Ψ
′ ⊕ Σ ∼F1⊙F2, ε7 Ψ.
Therefore there exists a unitary element (wn)n in (W
ω)∼ such that
‖(wn)nΦ(f ⊗ a)(wn)
∗
n −Ψ(f ⊗ a)‖ < ε
for any f ∈ F1 and a ∈ F2. Note that we may assume that wn is a unitary element
in W∼ for any n ∈ N. Taking a sufficiently large n, we obtain a contradiction.
Consequently, the proof is complete. 
Let T be the unit circle in the complex plane. We denote by ι the identity
function on T, that is, ι(z) = z for any z ∈ T.
Theorem 5.3. Let u and v be unitaries in F (W) such that τω(f(u)) > 0 for
any f ∈ C(T)+ \ {0}. Then there exists a unitary element w in F (W) such that
wuw∗ = v if and only if τω(f(u)) = τω(f(v)) for any f ∈ C(T).
Proof. The only if part is obvious. We will show the if part. By Corollary 4.10,
there exist unitaries (un)n and (vn)n in W
∼
ω such that u = [(un)n] and v = [(vn)n].
For any n ∈ N, define unital homomorphisms ϕn and ψn from C(T) to W
∼ by
ϕn(f) := f(un) and ψn(f) := f(vn), respectively. Then we have
|τ(ϕn(f))− τω(f(u))| → 0, ‖[ϕn(f), a]‖ → 0, ‖[ψn(f), a]‖ → 0,
|τ(ϕn(f))− τ(ψn(f))| → 0
as n→ ω for any f ∈ C(T) and a ∈ W .
Let F1 := {1, ι} ⊂ C(T), and let {F2,k}k∈N be a sequence of finite subsets
of W such that F2,k ⊂ F2,k+1 and W =
⋃
k∈N F2,k. For any k ∈ N, applying
Theorem 5.2 to F1, F2,k and 1/k, we obtain mutually orthogonal positive elements
h1,k, h2,k, ..., hl(k),k in C(T) of norm one. Let
νk :=
1
2
min{τω(h1,k(u)), τω(h2,k(u)), ..., τω(hl(k),k(u))} > 0.
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Applying Theorem 5.2 to νk, we obtain finite subsets G1,k ⊂ C(T), G2,k ⊂ W and
δk > 0. We may assume that G1,k ⊂ G1,k+1, G2,k ⊂ G2,k+1 and δk > δk+1. It can
be easily checked that there exists a sequence {Xk}k∈N of elements in ω such that
Xk ⊃ Xk+1 and for any n ∈ Xk,
|τ(ϕn(hi,k))− τω(hi,k(u))| <
τω(hi,k(u))
2
, 1 ≤ ∀i ≤ l(k),
‖[ϕn(f), a]‖ < δk, ‖[ψn(f), a]‖ < δk, ∀f ∈ G1,k, a ∈ G2,k,
|τ(ϕn(f))− τ(ψn(f))| < δk, ∀f ∈ G1,k.
Since we have τ(ϕn(hi,k)) ≥ νk by the above, Theorem 5.2 implies that for any
n ∈ Xk, there exists a unitary element wk,n in W
∼ such that
‖wk,nϕn(f)aw
∗
k,n − ψn(f)a‖ <
1
k
for any f ∈ F1 and a ∈ F2,k. Since F1 = {1, ι}, we have
‖[wk,n, a]‖ <
1
k
, ‖wk,nunaw
∗
k,n − vna‖ <
1
k
for any n ∈ Xk and a ∈ F2,k. Let
wn :=
{
1 if n /∈ X1
wk,n if n ∈ Xk \Xk+1 (k ∈ N)
.
Then we have
‖[wn, a]‖ → 0, ‖wnunw
∗
na− vna‖ → 0
as n→ ω for any a ∈ W . Therefore [(wn)n] is a unitary element in F (W) and
[(wn)n]u[(wn)n]
∗ = v.

Hiroki Matui told us the following lemma.
Lemma 5.4. For any faithful tracial state τ0 on C(T), there exists a unital homo-
morphism ϕ from C(T) to M2∞ such that τ0 = τ
′ ◦ϕ where τ ′ is the unique tracial
state on M2∞ .
Proof. We identify C(T) with {f ∈ C([0, 1]) | f(0) = f(1)}. Note that τ0 extends
to a faithful tracial state τ˜0 on C([0, 1]). By [50, Theorem 2.1 (i)], there exists a
unital homomorphism ψ from C([0, 1]) to Z such that τ˜0 = τZ ◦ψ, where τZ is the
unique tracial state on Z. Define a unital homomorphism ϕ from C(T) toM2∞⊗Z
by ϕ := 1⊗ ψ|C(T). Since M2∞ is Z-stable, we obtain the conclusion. 
Note that we identify F (W) with F (W ⊗M2∞) in the following lemmas.
Lemma 5.5. Let u be a unitary element in F (W) such that τω(f(u)) > 0 for any
f ∈ C(T)+\{0}. Then there exist a unitary element (vn)n in (M2∞)ω and a unitary
element w in F (W) such that
wuw∗ = [(hn ⊗ vn)n]
where {hn}n∈N is an approximate unit for W .
Proof. By Lemma 5.4, there exists a unital homomorphism ϕ from C(T) to M2∞
such that τ ′(ϕ(f)) = τω(f(u)) for any f ∈ C(T), where τ
′ is the unique tracial
state on M2∞ . For any n ∈ N, let
vn :=
n︷ ︸︸ ︷
1⊗ · · · ⊗ 1⊗ϕ(ι) ⊗ 1⊗ · · · ∈
⊗
n∈N
M2∞ ∼=M2∞ .
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Then (vn)n is a unitary element in (M2∞)ω and we have
τω(f(u)) = τω(f([(hn ⊗ vn)n]))
for any f ∈ C(T). Therefore we obtain the conclusion by Theorem 5.3. 
For a Lipschitz continuous map U , we denote by Lip(U) its Lipschitz constant.
Lemma 5.6. Let u be a unitary element in F (W) such that τω(f(u)) > 0 for any
f ∈ C(T)+ \ {0}, and let z0 ∈ T. Then there exists a continuous path of unitaries
U : [0, 1]→ F (W) such that
U(0) = z01, U(1) = u, Lip(U) ≤ π.
Proof. Let {hn}n∈N be an approximate unit for A. By Lemma 5.5, there exist
a unitary element (vn)n in (M2∞)ω and a unitary element w in F (W) such that
wuw∗ = [(hn ⊗ vn)n]. There exists a continuous path of unitaries V : [0, 1] →
(M2∞)ω such that
V (0) = z01, V (1) = (vn)n, Lip(U) ≤ π.
(See, for example, [17, Lemma 1].) For any t ∈ [0, 1], let (vn(t))n be a representative
of V (t). Define a continuous path of unitaries U : [0, 1]→ F (W) by
U(t) := w∗[(hn ⊗ vn(t))n]w
for any t ∈ [0, 1]. Then U has the desired property. 
The following theorem is the main theorem in this section.
Theorem 5.7. Let u be a unitary element in F (W). There exists a continuous
path of unitaries U : [0, 1]→ F (W) such that
U(0) = 1, U(1) = u, Lip(U) ≤ 2π.
Proof. Let ε > 0 and δ > 0. We denote by µ the probability measure on T
corresponding to f 7→ τω(f(u)). Since µ(T) = 1, there exists an element z0 in T
such that µ({z ∈ T | |z − z0| < δ}) > 0. Let h be a positive element in C(T) such
that
{z ∈ T | |z − z0| < δ} ⊂ supp h ⊂ {z ∈ T | |z − z0| < 2δ}.
Then we have dτω (h(u)) > 0. Proposition 4.2 implies that there exists projection
p in h(u)F (W)h(u) such that τω(p) > 0. Similar arguments as in the proof of [6,
Lemma 1.7] show that there exist a unitary element u′ in (1− p)F (W)(1− p) and
a continuous path of unitaries V1 : [0, 1]→ F (W) such that
V1(0) = u
′ + z0p, V1(1) = u, Lip(V1) < ε.
Indeed, we have
‖u− ((1− p)u(1− p) + z0p)‖ < 6δ
and, taking a sufficiently small δ > 0 and using polar decomposition, we obtain
a continuous path of unitaries V1 as above. By Lemma 5.4 and the proof of
Lemma 5.5, it is easy to see that there exist a unitary element v in F (W) such
that τω(f(v)) > 0 for any f ∈ C(T)+ \ {0}. Using Lemma 5.6, Lemma 3.6 and the
slow reindexation trick, we may assume that vp = pv and τω(pv) = τω(p)τω(v), and
we see that there exists a continuous path of unitaries V2 : [0, 1]→ F (W) such that
V2(0) = u
′ + vp, V2(1) = u
′ + z0p, Lip(V2) ≤ π.
(See, for example, [44] for the slow reindexation trick.) Since we have τω(f(u
′ +
vp)) = τω(f(u
′)) + τω(f(v))τω(p) > 0 for any f ∈ C(T)+ \ {0}, it follows from
Lemma 5.6 that there exists a continuous path of unitaries V3 : [0, 1]→ F (W) such
that
V3(0) = 1, V3(1) = u
′ + vp, Lip(V3) ≤ π.
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Connecting V1, V2 and V3, we obtain a continuous path of unitaries U : [0, 1] →
F (W) such that
U(0) = 1, U(1) = u, Lip(U) < 2π + ε.
We obtain the conclusion by the usual diagonal argument. 
We shall show another application of Theorem 5.2.
Theorem 5.8. Let p and q be projections in F (W) such that 0 < τω(p) < 1. Then
p and q are unitarily equivalent if and only if τω(p) = τω(q).
Proof. The only if part is obvious. We will show the if part. Note that the C∗-
algebra generated by 1 and p is isomorphic to C({0, 1}) ∼= C2. Since τω(p) > 0
and τω(1 − p) > 0, we have τω(f(p)) > 0 for any f ∈ C({0, 1})+ \ {0}. Also, we
have τω(f(p)) = τω(f(q)) for any f ∈ C({0, 1}). There exist positive contractions
(pn)n and (qn)n in Wω such that p = [(pn)n] and q = [(qn)n]. For any n ∈ N,
define unital c.p. maps ϕn and ψn from C({0, 1}) ∼= C
2 to W∼ by ϕn((λ1, λ2)) :=
λ1pn + λ2(1 − pn) and ψn((λ1, λ2)) := λ1qn + λ2(1 − qn), respectively. Then we
have
|τ(ϕn(f))− τω(f(p))| → 0, ‖[ϕn(f), a]‖ → 0, ‖[ψn(f), a]‖ → 0,
‖(ϕn(fg)− ϕn(f)ϕn(g))a‖ → 0, ‖(ψn(fg)− ψn(f)ψn(g))a‖ → 0,
|τ(ϕn(f))− τ(ψn(f))| → 0
as n → ω for any f, g ∈ C({0, 1}), a ∈ W . Therefore the rest of proof is same as
the proof of Theorem 5.3. 
The following corollary is an answer to [22, Question 2.14].
Corollary 5.9. The unit 1 in F (W) is infinite.
Proof. By Proposition 4.2, there exist mutually orthogonal non-zero projections p
and q in F (W) such that τω(p) = 1/2 and τω(q) = 0. Theorem 5.8 implies that
1− p is unitarily equivalent to 1− (p+ q). Therefore 1 = (1− p) + p is Murray-von
Neumann equivalent to (1− (p+ q)) + p = 1− q. Hence 1 is Murray-von Neumann
equivalent to a proper subprojection. Consequently, 1 is infinite. 
The corollary above suggests the following question.
Question 5.10. Let A be a simple separable (Z-stable) stably projectionless C∗-
algebra. Is 1 infinite in F (A)?
Yuhei Suzuki suggested the following corollary.
Corollary 5.11. The tracial state τω on F (W) induces an order isomorphism τω∗
from K0(F (W)) onto R.
Proof. Let p and q be projections in M∞(F (W)) such that τω∗([p]− [q]) = 0. Using
Proposition 4.2 and Proposition 4.1, we see that there exist a natural number k,
projections p′, q′ and r in F (W) such that [p] = [p′]+k[1]+ [r], [q] = [q′]+k[1]+ [r]
and τω(p
′) = τω(q
′) < 1. Moreover, we may assume that there exists a projection
e in F (W) such that p′, q′ ∈ eF (W)e and τω(p
′) < τω(e) < 1. Theorem 5.8 implies
that p′+1−e is unitarily equivalent to q′+1−e because we have 0 < τω(p
′+1−e) < 1.
Then [p′] = [q′], and hence [p] = [q]. Therefore τω∗ is injective. It follows from
Proposition 4.2 that τω∗ is surjective. Consequently, τω∗ is an order isomorphism
from K0(F (W)) onto R. 
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6. Rohlin type theorem
In this section we shall show that every trace scaling automorphism of W ⊗ K
has the Rohlin property.
Definition 6.1. Let A be a separable C∗-algebra, and let α be an automorphism of
A. We say that α has the Rohlin property if for any k ∈ N, there exist projections
{p1,i}
k−1
i=0 and {p2,j}
k
j=0 in F (A) such that
k−1∑
i=0
p1,i +
k∑
j=0
p2,j = 1, α(p1,i) = p1,i+1, α(p2,j) = p2,j+1
for any i = 0, 1, ..., k − 2 and j = 0, 1, ..., k − 1.
If A is unital, then the definition above coincides with the usual definition (see,
for example, [27]).
We identify F (W⊗K) with F (W). We denote by the same symbol τω the unique
tracial state on F (W ⊗ K) for simplicity. Note that for any [(xn)n] ∈ F (W ⊗ K),
τω([(xn)n]) = limn→ω τ ⊗Tr(xnh)/τ ⊗Tr(h) for some h ∈ Ped (W⊗K)+ \ {0} (see
Remark 2.4). The following lemma is a variant of [37, Theorem 3.4].
Lemma 6.2. Let α be a trace scaling automorphism of W ⊗ K. Then for any
k ∈ N, there exists a positive contraction f in F (W ⊗K) such that
τω(f) =
1
k
, fαj(f) = 0
for any j = 1, 2, ..., k − 1.
Proof. Note that πτ⊗Tr(W ⊗ K)
′′
is the AFD factor of type II∞ and α˜ is a trace
scaling automorphism. Hence it follows from [5, Lemma 5] and [5, Theorem 1.2.5]
that there exist projections {p˜j}
k
j=1 in (πτ⊗Tr(W ⊗K)
′′
)ω such that
k∑
j=1
p˜j = 1, α˜(p˜j) = p˜j+1
for any j = 1, 2, ..., k − 1. Proposition 2.3 implies that there exists a positive
contraction e in F (W ⊗K) such that ̺W⊗K(e) = p˜1. It is easy to see that τω(e) =
1/k. Let (en)n be a representative of e. Then
‖πτ⊗Tr(enα
j(en))hˆ‖2 → 0
as n→ ω for any h ∈ Ped(W ⊗K) and j = 1, 2, ..., k − 1. By similar arguments as
in the proof of [37, Proposition 3.3], one can prove the lemma. Indeed, put
e′n := e
1
2
n

k−1∑
j=1
αj(en)

 e 12n .
Then ‖πτ⊗Tr(e
′
n)hˆ‖2 → 0 as n→ ω for any h ∈ Ped(W ⊗K). For any ε > 0, define
gε(t) :=
{
ε−1t if t ∈ [0, ε]
1 if t ∈ [ε,∞)
and let fn := en − e
1
2
ngε(e
′
n)e
1
2
n . The same proof as [37, Proposition 3.3] shows that
‖fnα
j(fn)‖
2 < ε
24 NORIO NAWATA
for any j = 1, 2, ..., k − 1. For h ∈ Ped(W ⊗K)+,1, we have
lim
n→ω
‖πτ⊗Tr(en − fn)hˆ‖2 = lim
n→ω
‖πτ⊗Tr(e
1
2
ngε(e
′
n)e
1
2
n )hˆ‖2
≤ lim
n→ω
‖πτ⊗Tr(gε(e
′
n)e
1
2
n )hˆ‖2
= lim
n→ω
‖πτ⊗Tr(gε(e
′
n)h
1
2 e
1
2
n )ĥ
1
2 ‖2
≤ lim
n→ω
‖πτ⊗Tr(gε(e
′
n))ĥ
1
2 ‖2 = 0.
Hence τω([(fn)n]) = τω([(en)n]) = 1/k (see Remark 2.4). Therefore we obtain the
conclusion by the usual diagonal argument. 
Lemma 6.3. Let α be a trace scaling automorphism of W ⊗ K. Then for any
k ∈ N, there exists a projection p in F (W ⊗K) such that
τω(p) =
1
k
, pαj(p) = 0
for any j = 1, 2, ..., k − 1, and p is Murray-von Neumann equivalent to α(p)
Proof. By Lemma 6.2, there exists a positive contraction f in F (W⊗K) such that
τω(f) =
1
k
, fαj(f) = 0
for any j = 1, 2, ..., k − 1. Since f is a contraction, dτω (f) ≥ τω(f) = 1/k. Let
ε > 0. (Note that we may assume 0 < 1/k − ε < 1.) By Proposition 4.2, there
exists a projection p in fF (W ⊗K)f such that τω(p) = 1/k − ε. It is easy to see
that pαj(p) = 0 for any j = 1, 2, ....k − 1. Since the tracial state on F (W ⊗ K) ∼=
F (W) is unique by Proposition 4.1, τω ◦ α = τω , and hence τω(p) = τω(α(p)).
Therefore Theorem 5.8 implies that p is Murray-von Neumann equivalent to α(p).
Consequently, we obtain the conclusion by the usual diagonal argument. 
The following theorem is the main theorem in this section. The proof is based
on [25] and [26].
Theorem 6.4. Let α be a trace scaling automorphism of W ⊗K. Then α has the
Rohlin property.
Proof. For any N ≥ 2, it follows from Lemma 6.3 that there exists a (non-unital)
homomorphism ϕ from MN(C) to F (W ⊗K) such that
α(ϕ(eij)) = ϕ(ei+1j+1)
for any i, j = 1, ..., N − 1, where {eij}
N
i,j=1 is the standard matrix units of MN(C)
(see [25, Lemma 4.3] for details). By the same argument as in the proof of [25,
Lemma 2.1] and the usual diagonal argument, we see that for any m ∈ N, there
exists a projection p in F (W ⊗K) such that
τω(p) =
1
m
, pαj(p) = 0, αm(p) = p
for any j = 1, 2, ...,m−1. Note that there exists an element v in F (W⊗K) ∼= F (W)
such that
v∗v = 1−
m−1∑
j=0
αj(p), vv∗ ≤ p
because W has property (SI) and we have τω(1−
∑m−1
j=0 α
j(p)) = 0. Therefore the
rest of the proof is the same as [25, Theorem 2.1] and [26, Lemma 4.4]. 
An automorphism α ofW is said to be strongly outer if α˜ is not inner in πτ (W)
′′
.
The same proof as Lemma 6.2 shows the following lemma.
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Lemma 6.5. Let α be an automorphism of W such that αm is strongly outer for
any m ∈ Z\{0}. Then for any k ∈ N, there exists a positive contraction f in F (W)
such that
τω(f) =
1
k
, fαj(f) = 0
for any j = 1, 2, ..., k − 1.
Lemma 6.6. Let α be an automorphism of W such that αm is strongly outer for
any m ∈ Z \ {0}. Then for any k ∈ N, there exists a projection p in F (W) such
that such that
τω(p) =
1
k
, pαj(p) = 0
for any j = 1, 2, ..., k − 1, and p is Murray-von Neumann equivalent to α(p).
Proof. In a similar way as in Lemma 6.3, we see that there exists a projection p in
F (W) such that
τω(p) =
1
k
, pαj(p) = 0
for any j = 1, 2, ..., k − 1. Since every automorphism of W is approximately inner
by Theorem 2.7, we obtain the conclusion by [35, Lemma 4.3]. 
By the same arguments as in the proof of Theorem 6.4, we obtain the following
theorem.
Theorem 6.7. Let α be an automorphism of W such that αm is strongly outer
for any m ∈ Z \ {0}. Then α has the Rohlin property.
7. Outer conjugacy
In this section we shall classify trace scaling automorphisms of W ⊗ K up to
outer conjugacy. Using Theorem 5.7 instead of [17, Lemma 1], we can prove the
following theorem by essentially the same argument as in the proof of [17, Theorem
1]. (See also [18] and [29].)
Theorem 7.1. Let A be a C∗-algebra which is isomorphic to W or W ⊗ K, and
let α be an automorphism of A with the Rohlin property. For any unitary element
u in F (A), there exists a unitary element v in F (A) such that u = vα(v)∗.
The following lemma is an immediate consequence of the theorem above and
Corollary 4.10.
Lemma 7.2. Let A be a C∗-algebra which is isomorphic to W or W ⊗K, and let
α be an automorphism of A with the Rohlin property. Then for any finite subsets
E ⊂ A∼, F ⊂ A and ε > 0, there exist a finite subset G ⊂ A and δ > 0 such that
the following holds. If u is a unitary element in M(A) satisfying
‖[u, a]‖ < δ
for any a ∈ G, then there exists a unitary element v in A∼ such that
‖[v, x]‖ < ε, ‖(u− vα(v)∗)y‖ < ε, ‖y(u− vα(v)∗)‖ < ε
for any x ∈ E and y ∈ F .
The following theorem is the main theorem in this paper.
Theorem 7.3. Let α and β be trace scaling automorphisms of W ⊗ K. Then α
and β are outer conjugate if and only if λ(α) = λ(β).
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Proof. The only if part is obvious. We will show the if part. Theorem 6.4 implies
that α and β have the Rohlin property. Since λ(α) = λ(β), α is approximately
unitarily equivalent to β by Theorem 2.7. Therefore we obtain the conclusion by
Lemma 7.2 and the Bratteli-Elliott-Evans-Kishimoto intertwining argument [13]
(see also [19], [27], [34], [41] and [51] for similar arguments). Indeed, let {xn}n∈N be
a dense set in the unit ball ofW⊗K. By induction, we shall construct sequences of
automorphisms {α2n}
∞
n=0, {β2n+1}
∞
n=0 ofW⊗K and sequences of unitaries {un}
∞
n=0,
{vn}
∞
n=0, {wn}
∞
n=0, {w˜n}
∞
n=0 in (W ⊗ K)
∼ as follows: Put α0 := α, β1 := β, and
let F1 := {x1, x
∗
1}, F
′
1 := {x1, x
∗
1}, E1 := {1}. Applying Lemma 7.2 to β1, E1, F
′
1
and 1/2, we obtain a finite subset G1 ⊂ W ⊗K and δ1 > 0. Set
F2 := β
−1
1 (G1) ∪ F1 ∪ {x2, x
∗
2}.
Since β1 is approximately unitarily equivalent to α0, there exists a unitary element
u0 in (W ⊗K)
∼ such that
‖β1(a)− u0α0(a)u
∗
0‖ <
δ1
2
(1)
for any a ∈ F2. Put α2 := Ad(u0) ◦ α0, v0 := u0, and let w0 := u0α0(v0)v
∗
0 ,
w˜0 := w0. Set
E2 := F2 ∪ Ad(v0)(F2) ∪ {w˜0}, F
′
2 := F2 ∪ F2w˜
∗
0 .
Applying Lemma 7.2 to α2, E2, F
′
2 and 1/2
2, we obtain a finite subset G2 ⊂ W⊗K
and δ2 > 0. We may assume that δ2 < δ1/2. Set
F3 := α
−1
2 (G2) ∪ F2 ∪ {x3, x
∗
3}.
Since α2 is approximately unitarily equivalent to β1, there exists a unitary element
u1 in (W ⊗K)
∼ such that
‖α2(a)− u1β1(a)u
∗
1‖ <
δ2
2
(2)
for any a ∈ F2. Put β3 := Ad(u1) ◦ β1. By (1) and (2), we have
‖[u1, a]‖ < δ1
for any a ∈ G1. Hence there exists a unitary element v1 such that
‖[v1, x]‖ <
1
2
, ‖y(u1 − v1β1(v1)
∗)‖ <
1
2
for any x ∈ E1 and y ∈ F
′
1 by Lemma 7.2. Put w1 := u1β1(v1)v
∗
1 , w˜1 := w1, and
set
E3 := F3 ∪ Ad(v1)(F3) ∪ {w˜1}, F
′
3 := F3 ∪ F3w˜
∗
1 .
Applying Lemma 7.2 to β3, E3, F
′
3 and 1/2
3, we obtain a finite subset G3 ⊂ W⊗K
and δ3 > 0. We may assume that δ3 < δ2/2. Set
F4 := β
−1
3 (G3) ∪ F3 ∪ {x4, x
∗
4}.
Since β3 is approximately unitarily equivalent to α2, there exists a unitary element
u2 in (W ⊗K)
∼ such that
‖β3(a)− u2α2(a)u
∗
2‖ <
δ3
2
(3)
for any a ∈ F3. Put α4 := Ad(u2) ◦ α2. By (2) and (3), we have
‖[u2, a]‖ < δ2
for any a ∈ G2. Hence there exists a unitary element v2 such that
‖[v2, x]‖ <
1
22
, ‖y(u2 − v2α2(v2)
∗)‖ <
1
22
TRACE SCALING AUTOMORPHISMS OF THE STABILIZED RAZAK-JACELON ALGEBRA27
for any x ∈ E2 and y ∈ F
′
2 by Lemma 7.2. Put w2 := u2α2(v2)v
∗
2 , and let w˜2 :=
w2v2w˜0v
∗
2 . Set
E4 := F4 ∪ Ad(v2v0)(F4) ∪ {w˜2}, F
′
4 := F4 ∪ F4w˜
∗
2 .
Applying Lemma 7.2 to α4, E4, F
′
4 and 1/2
4, we obtain a finite subset G4 ⊂ W⊗K
and δ4 > 0. We may assume that δ4 < δ3/2. Set
F5 := α
−1
4 (G4) ∪ F4 ∪ {x5, x
∗
5}.
Since α4 is approximately unitarily equivalent to β3, there exists a unitary element
u3 in (W ⊗K)
∼ such that
‖α4(a)− u3β3(a)u
∗
3‖ <
δ4
2
(4)
for any a ∈ F4. Put β5 := Ad(u3) ◦ β3. By (3) and (4), we have
‖[u3, a]‖ < δ3
for any a ∈ G3. Hence there exists a unitary element v3 such that
‖[v3, x]‖ <
1
23
, ‖y(u3 − v3β3(v3)
∗)‖ <
1
23
for any x ∈ E3 and y ∈ F
′
3 by Lemma 7.2. Put w3 := u3β3(v3)v
∗
3 , and let w˜3 :=
w3v3w˜1v
∗
3 .
Repeating this process, we obtain sequences {α2n}
∞
n=0, {β2n+1}
∞
n=0, {un}
∞
n=0,
{vn}
∞
n=0, {wn}
∞
n=0 and {w˜n}
∞
n=0 such that
(i) α2n = Ad(u2n−2) ◦ α2n−2, β2n+1 = Ad(u2n−1) ◦ β2n−1,
(ii) w2n = u2nα2n(v2n)v
∗
2n, w2n+1 = u2n+1β2n+1(v2n+1)v
∗
2n+1,
w˜n+1 = wn+1vn+1w˜n−1v
∗
n+1,
(iii) ‖β2n−1(xi)− α2n(xi)‖ <
δ2n−1
2
, 1 ≤ ∀i ≤ 2n,
(iv) ‖α2n(xi)− β2n+1(xi)‖ <
δ2n
2
, 1 ≤ ∀i ≤ 2n+ 1,
(v) ‖[v2n, xi]‖ <
1
22n
, ‖[v2n,Ad(v2n−2v2n−4 · · · v0)(xi)]‖ <
1
22n
,
‖[v2n, w˜2n−2]‖ <
1
22n
, 1 ≤ ∀i ≤ 2n,
(vi) ‖[v2n+1, xi]‖ <
1
22n+1
, ‖[v2n+1,Ad(v2n−1v2n−3 · · · v1)(xi)]‖ <
1
22n+1
,
‖[v2n+1, w˜2n−1]‖ <
1
22n+1
, 1 ≤ ∀i ≤ 2n+ 1,
(vii) ‖xi(u2n − v2nα2n(v2n)
∗)‖ <
1
22n
,
‖x∗i w˜
∗
2n−2(u2n − v2nα2n(v2n)
∗)‖ <
1
22n
, 1 ≤ ∀i ≤ 2n,
(viii) ‖xi(u2n+1 − v2n+1β2n+1(v2n+1)
∗)‖ <
1
22n+1
,
‖x∗i w˜
∗
2n−1(u2n+1 − v2n+1β2n+1(v2n+1)
∗)‖ <
1
22n+1
, 1 ≤ ∀i ≤ 2n+ 1,
for any n ∈ N, where {δn}n∈N is a sequence of positive numbers such that δn <
δn−1/2.
For any n ∈ N, define θn := Ad(v2nv2n−2 · · · v0) and γn := Ad(v2n+1v2n−1 · · · v1).
By (v), (vi) and the same proof as [19, Theorem 3.5], the point-norm limit maps
θ = limn→∞ θn and γ = limn→∞ γn exist and define automorphisms on W ⊗K.
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For any n ∈ N, (ii) and (vii) imply that
‖xi(w2n − 1)‖ <
1
22n
, ‖(w2n − 1)w˜2n−2xi‖ <
1
22n
for any i = 1, 2...., 2n. By (ii) and (v), we have for any n ∈ N,
‖xi(w˜2n − w˜2n−2)‖ = ‖xiw2nv2nw˜2n−2v
∗
2n − xiw˜2n−2v2nv
∗
2n‖
≤ ‖xiw2n[v2n, w˜2n−2]‖+ ‖xi(w2n − 1)w˜2n−2v2n‖
<
1
22n−1
and
‖(w˜2n − w˜2n−2)xi‖ = ‖w2nv2nw˜2n−2v
∗
2nxi − w˜2n−2v2nv
∗
2nxi‖
≤ ‖w2n[v2n, w˜2n−2]v
∗
2nxi‖+ ‖(w2n − 1)w˜2n−2xi‖
<
1
22n−1
for any i = 1, 2...., 2n. Therefore {w˜2n}n∈N is a strict Cauchy sequence of unitaries
in (W ⊗K)∼. Since M(W ⊗K) is strictly complete, there exists a unitary element
w′0 in M(W ⊗ K) such that {w˜2n}n∈N converges strictly to w
′
0. In a similar way,
we see that there exists a unitary element w′1 in M(W ⊗K) such that {w˜2n+1}n∈N
converges strictly to w′1.
It can be easily checked that
α2n+2 = Ad(w˜2n) ◦ θn ◦ α ◦ θ
−1
n , β2n+3 = Ad(w˜2n+1) ◦ γn ◦ β ◦ γ
−1
n
for any n ∈ N. It follows from (iv) that for any n ∈ N, we have
‖α2n+2(xi)− β2n+3(xi)‖ <
δ2n+2
2
for any i = 1, 2, ..., 2n+ 3. Therefore we see that
Ad(w′0) ◦ θ ◦ α ◦ θ
−1(x) = Ad(w′1) ◦ γ ◦ β ◦ γ
−1(x)
for any x ∈ W⊗K because {w˜n}n∈N is a bounded sequence and limn→∞ δn = 0. 
By Theorem 6.7 and the same proof as above, we obtain the following theorem.
Theorem 7.4. Let α and β be automorphisms of W . If αm and βm are strongly
outer for any m ∈ Z \ {0}, then α and β are outer conjugate.
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